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Based on the nonlocal Timoshenko beam theory, we develop a mechanics approach to analyze the micro/
nanobridge test. This approach considers the shear deformation, the strain gradients, the substrate defor-
mation, and the contact deformation between the indenter bar tip and a tested beam, resulting in an ana-
lytic solution of beam deﬂection versus applied load involving other parameters of material intrinsic
length, ﬁlm residual stress, and cylinder bar radius. The same approach was further developed to analyze
the delamination test, giving explicit formulas for the energy release rate and the phase angle.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Testing and characterizing the mechanical properties of low
dimensional materials, such as nanowires, nanotubes, and micro/
nano thin ﬁlms, are drawing much attentions due to the wide
applications of these materials in micro/nanoelectromechanical
systems (M/NEMS) and micro/nanoelectronic devices. Various
mechanical characterization techniques have been developed
(Volinsky et al., 2002; Yang and Li, 2008), among which bending
test is one of the simplest and most important experimental meth-
ods. For example, Weihs et al. (1988) conducted cantilever beam
bending tests to characterize the strength and stiffness of thin ﬁlm
materials. With such tests, Wong et al. (1997) measured the
Young’s modulus of nanorods and nanotubes. Poncharal et al.
(1999) proposed a cantilever beam resonance method to deter-
mine the Young’s modulus of carbon nanotubes. Nam et al.
(2006) also used this method to characterize the electromechanical
properties of GaN nanowires.
In both static and dynamic theoretical studies, the clamped
boundary condition at the support end of a beam is presumed,
implying that the supporting substrate is treated to be mechani-
cally rigid. In fact, however, the supporting substrate deforms elas-
tically as the beam bends. Baker and Nix (1994) found that the
substrate deformation has a signiﬁcant effect on the results fromll rights reserved.
ical Engineering, Zhengzhou
an Province 450001, China.
hao@sina.com (M. Zhao).cantilever beam-bending tests. Zhang et al. (2000a) theoretically
proved Baker and Nix’s formula of the load–displacement relation
by analyzing substrate deformation with two coupled linear
springs. Zeng and Zheng (2007) systematically studied the effects
of various clamp uncertainties (partially pinned, elastic foundation,
unknown defects, etc.) on the Young’s modulus determined from
the dynamic resonance test and showed that those effects cannot
be ignored even at the nanometer scale.
In addition to cantilever beam bending tests, another important
type of beam bending test is called the micro/nanobridge test, in
which both ends of a micro/nanobeam are bonded onto a sub-
strate. Micro/nanobridge samples are usually fabricated with
ﬁlm/substrate systems by using the micro/nanoelectronic fabrica-
tion technique. Residual stress in the tested thin ﬁlm, if any, cannot
be released along the beam length direction so that the micro/
nanobridge test is capable to characterize simultaneously the elas-
tic constant, residual stress and bending fracture strength of brittle
materials (Kobrinsky et al., 2000; Zhang et al., 2000b). The micro/
nanobridge test was ﬁrst developed for single-layer thin ﬁlms
(Kobrinsky et al., 2000; Zhang et al., 2000b) and the substrate
deformation was modeled by using three coupled linear springs.
The derived analytic load-deﬂection relationship is easily used in
practice. For ductile materials, the micro/nanobridge test is also
able to characterize the plastic properties of the tested beams be-
sides the elastic properties (Huang and Zhang, 2006). Furthermore,
the micro/nanobriedge test has been further developed to charac-
terize the mechanical properties of bilayer, trilayer and multilayer
thin ﬁlms (Su et al., 2000; Xu and Zhang, 2003; Wang et al., 2005;
Zhang et al., 2005a; Wang et al., 2006b; Wang and Zhang, 2007),
Fig. 1. Schematic of the bridge test with a cylinder indenter subjecting a load to a
beam, where x-axis is on the middle plane of the tested beam before loading and
y-axis directs down through the center of the cylinder.
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gives a detailed description of the micro/nanobridge test and inter-
ested readers may consult it.
If the external load is applied from the backside of the tested
beam, interfacial cracking may occur at the two ends along the
interface between the tested beam and the substrate. In this case,
the micro/nanobridge test is converted into the delamination test.
The delamination test can characterize the interfacial fracture
behavior of a ﬁlm/substrate system.
Moreover, the size-dependent properties of materials have been
observed in tests on micro/nanometer sized samples, structures
and systems. For example, Nam et al. (2006) found the diameter-
dependent electromechanical properties for GaN nanowires. Puri
et al. (2009) reported the size-dependent yield strength. The theo-
retical analysis of the above mentioned beam bending tests is
based on the classical beam theory, which is independent of
length-scale and, of course, cannot academically investigate the
size effect. Eringen and his co-workers (Eringen, 1972, 1983; Erin-
gen and Edelen, 1972) developed the nonlocal elasticity theory. In
recent years, this theory has been successfully applied in explain-
ing some size-dependent effects, such as the deformation of beam
structures (Peddieson et al., 2003), buckling and vibration of mul-
tiwalled carbon nanotubes (Sudak, 2003; Zhang et al., 2004; Zhang
et al., 2005b; Wang and Hu, 2005), and so on. Moreover, a theoret-
ical point load, which causes stress singularity, is an approximation
and simpliﬁcation to real cases. This simpliﬁcation works at the
macroscopic scale, but may cause errors at the nanometer scales,
at which most tips have a spherical shape and the tip radius may
change from tip to tip. Wan and Liao (1999) adopted the blunted
tip approach to determine the mechanical properties of the thin
ﬂexible membrane. Considering all aspects mentioned above, we
are motivated to develop, in the present paper, a nonlocal mechan-
ics theory for the micro/nanobridge test with a cylinder bar inden-
ter of a ﬁnite radius. If the contact between the cylinder bar and a
tested beam was analyzed with the Euler–Bernoulli or the simplest
beam theory as in Timoshenko (1957), the curvature of the beam in
contact with the cylinder would be constant and thus, the moment
in this part of beam would be constant, leading to a zero shear
force there and no contact force in the contact part. The reason
to cause the unrealistic solution is the restriction of the shear
deformation. Indeed, the effect of the shear deformation is impor-
tant and cannot be neglected, especially for stocky beam on elastic
substrate (Essenburg 1960; Zhang et al. 2006). High-order beam
theory (Timoshenko, 1921) must be used in these cases. Therefore,
we analyze in Section 2 mechanics underlying the micro/nano-
bridge test based on the nonlocal Timoshenko beam theory. For
simplicity, we perform a two-dimensional analysis with a cylinder
bar of radius R providing the mechanical load. This analysis, de-
scribed in Section 3, leads to the general solution. In Section 4,
we present a ﬁnal analytical solution for the micro/nanobridge test.
The results are illustrated and discussed in Section 5. In Section 6,
we study the energy release rate and the phase angle for the
delamination test. Concluding remarks are given in Section 7.2. Nonlocal theoretical analysis of the micro/nanobridge test
Fig. 1 shows a schematic of the micro/nanobridge test, where a
cylindrical indenter of radius R applies mechanical load to a tested
beam of thickness h and half-length a, the two ends of the beam
are bonded onto a substrate. The coordinate system oxy is set up
with x-axis along the middle plane of the tested beam before load-
ing and y-axis directed down through the center of the cylinder, as
shown in Fig. 1. Assuming symmetrical loading, only the left half of
the beam a < x < 0 is analyzed.Under deformation, the beam-tip contact zone is e < x 6 0,
leaving the a < x < e region contact-free. In studying the contact
between beam and cylinder, the nonlocal Timoshenko beam theory
is used, and the displacement along the y direction,w, and the rota-
tion angle, u, are determined by two governing equations of Wang
et al. (2006a):
C
d2w
dx2
 C du
dx
þ N d
2w
dx2
¼ 0; ð1aÞ
D
d2u
dx2
þ C dw
dx
 Cuþ ðelÞ2N d
3w
dx3
¼ 0; ð1bÞ
where D is the bending rigidity, C is the shearing rigidity given by
C ¼ kf Ef2ð1þmÞ S with kf ¼ 10ð1þmÞ12þ11m the rectangular cross-section coefﬁ-
cient and S the cross-sectional area of the beam, and N is the axial
force. Ef and m are respectively the Young’s modulus and Poisson’s
ratio of the tested material. l is the material intrinsic length and e
a constant (Eringen, 1983; Sudak, 2003). For a rectangular beam
cross-section of unit width, the bending rigidity can be expressed
by D ¼ Efh312ð1m2Þ.
Following Wang et al.’s approach (Wang et al., 2006a), we have
the moment and shearing force in the bending material, which are
expressed as
M ¼ Ddu
dx
 ðelÞ2N d
2w
dx2
; Q ¼ Cðdw
dx
uÞ: ð2Þ3. General solution
In the contact region, based on the geometrical relations of
cylindrical indenter, the deﬂection can be expressed as
wc ¼ ðw0  RÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2  x2
p
; ð3Þ
where w0 is the deﬂection at x = 0, and the subscript ‘‘c’’ indicates
contact. Substituting the Taylor series of deﬂection in Eq. (3) into
Eq. (1b), one obtains the approximation
d2uc
dx2
 C
D
uc ¼
t
D
xþ b
D
x3; ð4Þ
where
t ¼ CR
2 þ 3ðelÞ2N
R3
; b ¼ CR
2 þ 15ðelÞ2N
2R5
: ð5Þ
In deriving Eq. (4), only the ﬁrst two terms of the expanded ser-
ies are taken. The accuracy will be veriﬁed later by ﬁnite element
analysis.
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uc ¼ A1 sinh kxþ B1 cosh kx
ð6bDþ tCÞxþ bCx3
C2
; ð6Þ
where k ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃC=Dp . At x = 0, the symmetric condition requires uc = 0,
and so B1 = 0. Therefore, we have
uc ¼ A1 sinh kx
ð6bDþ tCÞxþ bCx3
C2
: ð7Þ
Substituting Eqs. (3) and (7) into Eq. (2) gives the bending
moment and shearing force
Mc ¼ A1Dk cosh kxþ ðelÞ2N½ðR2  x2Þ1=2 þ x2ðR2  x2Þ3=2
þ 3bCx
2 þ ð6bDþ tCÞ
C2
; ð8ÞFig. 2. (a) Model using three elastic springs to describe substrate deformation and
(b) diagram depicting the three generalized forces and displacements at the supportQ c ¼ C A1 sinhðkxÞ 
ð6bDþ tCÞxþ bCx3
C2
þ xðR2  x2Þ1=2
" #
; ð9Þ
where parameters w0, N and A1 are to be determined by the bound-
ary and continuity conditions.
In the non-contact region a < x < e, Eq. (1b) can be rewritten
as
d2wn
dx2
¼ dun
dx
 D
C
d3un
dx3
 ðelÞ
2N
C
d4wn
dx4
; ð10Þ
where the subscript ‘‘n’’ indicates the non-contact region. Substitut-
ing Eq. (10) into Eq. (1a) yields
ðC þ NÞD
C
d3un
dx3
 N dun
dx
þ ðelÞ
2ðC þ NÞN
C
d4wn
dx4
¼ 0: ð11Þ
Differentiating (1a) twice, we have
d4wn
dx4
¼ C
C þ N
d3un
dx3
: ð12Þ
Substituting Eq. (12) into Eq. (11) gives
Deff
d3un
dx3
 N dun
dx
¼ 0; ð13aÞ
where the effective bending stiffness is given by
Deff ¼ 1þ NC þ
ðelÞ2N
D
 !
D ð13bÞ
Eq. (13b) indicates that the effective bending stiffness depends
on the in-plane force N and the intrinsic material length l. The gen-
eral solution to Eq. (13a) can be expressed as
un ¼ A2 coshðkxÞ þ B2 sinhðkxÞ þ G2; ð14Þ
where A2, B2 and G2 are coefﬁcients to be determined also by the
boundary and continuity conditions and, k is given by
k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
N
Deff
s
: ð15Þ
Using Eq. (14), we have from Eq. (1a)
d3wn
dx3
¼ C
C þ N
d2un
dx2
¼ C
C þ N ½A2k
2 coshðkxÞ þ B2k2 sinhðkxÞ: ð16Þ
Substituting Eqs. (14) and (16) into Eq. (1b) yields
dwn
dx
¼ A2ck coshðkxÞ þ B2ck sinhðkxÞ þ G2; ð17Þ
wherec ¼ 1
k
 D
C
k ðelÞ
2N
C þ N k: ð18Þ
Integrating Eq. (17) leads to
wn ¼ A2c sinhðkxÞ þ B2c coshðkxÞ þ G2xþ F2; ð19Þ
where F2 is a coefﬁcient to be determined. Substituting Eqs. (14)
and (18) into Eq. (2) gives shearing force and bending moment
Qn ¼ A2d coshðkxÞ þ B2d sinhðkxÞ; ð20Þ
Mn ¼ A2g sinhðkxÞ þ B2g coshðkxÞ; ð21Þ
where d = C(ck  1) and g = k[D + (el)2Nck]. The four coefﬁcients
A2, B2, G2, F2, the in-plane force N, and the contact size e will be
determined in the next section.
4. Boundary conditions and the ﬁnal solution
In the non-contact region a < x < e, the force equilibrium
condition gives
Qn þ N
dwn
dx
¼ P
2
: ð22Þ
Substituting the solution into Eq. (22) leads to
NG2 ¼ P2 : ð23Þ
At the end of the beam, we use three coupled springs to model
the substrate deformation, as schematically depicted in Fig. 2, with
the generalized constitutive equation
us
ws
us
2
64
3
75 ¼
SNN SNP SNM
SPN SPP SPM
SMN SMP SMM
2
64
3
75
Ns
Q s
Ms
2
64
3
75; ð24Þ
where us, ws and us are respectively axial displacement, transverse
deﬂection and rotation induced by the three generalized forces
Ns, Ps, Ms acting on the coupled springs. The spring compliances
Sij depend on the properties and geometry of the substrate and
the tested material, expressions of which are given in Zhang
(2008) and Wang et al. (2006b).
Thus, at the left end x = a, we have the displacement continu-
ity and force equilibrium conditions
us ¼ un; ws ¼ wn; us ¼ un;
NS ¼ N  N0; Qs ¼
P
2
; Ms ¼ Mn:
ð25Þ
where N0 is the residual in-plane force, induced by the residual
stress r0 in the tested material N0 = hr0. At the point between the
contact and non-contact regions, the continuity conditions are
uc ¼ un; uc ¼ un; wc ¼ wn; Nc ¼ Nn  N;
Q c ¼ Qn; Mc ¼ Mn: ð26Þend of the beam.
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the axial direction
du
dx
þ 1
2
dw
dx
 2
¼ N  N0
Efh
: ð27aÞ
Integrating Eq. (27a) from a to 0 gives
uc¼
Z 0
e
x2ðR2x2Þ1dx
þ
Z e
a
½A2ckcoshðkxÞþB2cksinhðkxÞþG22dxNN0Efh a: ð27bÞ
Substituting the solutions in Section 3 into Eqs. (23)–(27), we
obtain expressions for A1, A2, B2, G2, F2, w0, N and e: these can be
found in the appendix.Fig. 4. Analytical and FEA deﬂection versus load for different beam lengths subject
to clamped boundary condition.5. Solutions and validation by ﬁnite element analysis
5.1. Validation by ﬁnite element analysis
Using the commercial code ANSYS, ﬁnite element analysis (FEA)
was performed to validate the analytical solutions derived above.
Fig. 3 shows schematically the ﬁnite element mesh of the left half
of a beam with thickness h ¼ 0:2 lm, where PLANE82 elements
were adopted for the beam, and TARGE169 and CONTA171 ele-
ments for the indenter/beam contact parts. The Young’s modulus
for the tested material was Ef ¼ 200 GPa and Poisson’s ratio
m = 0.25. The cylinder indenter was assumed to be rigid and the
clamped boundary conditions were used at the support ends of
the beam.
Fig. 4 plots the center deﬂection-load relation from the FEA and
the analytical solution for beam lengths of a/h = 5, 20 and 50,
where R/h = 50, the material intrinsic length el/h = 0 and the
residual stress r0 = 0. The results demonstrate that the analyticalFig. 3. FEA mesh of the lsolution is consistent with the FEA. If the load P is small, the
load–deﬂection relation is approximately linear. Under large loads,
the load–deﬂection relation is obviously nonlinear, which is attrib-
uted to the large deﬂection and the large contact size between the
tested material and the indenter.
Fig. 5 shows the deﬂection versus the load for different indenter
bar radii of R/h = 0, 5, 100 and 150. The FEA results are again in per-
fect agreement with the analytical solutions. For a given load, the
smaller the indenter radius is, the larger the deﬂection will be,
and this phenomenon has a upper bound if R/h = 0, which corre-
sponds to the three-point bending test.
The effect of the residual stress on the deﬂection is plotted in
Fig. 6. It can be seen that a tensile residual stress reduces the
deﬂection, whereas a compress residual stress enhances the
deﬂection.eft half of the beam.
Fig. 6. Analytical and FEA deﬂection versus load for different residual tensile
stresses subject to clamped boundary condition.
Fig. 8. Deﬂection-load for different material intrinsic lengths for a/h = 5 with (a)
tension residual stress; and (b) compressive residual stress.
Fig. 5. Analytical and FEA deﬂection versus load for different indenter radii subject
to clamped boundary condition.
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We take silicon wafer as typical substrate and assume this sili-
con substrate to be mechanically isotropic with a Reuss average
Young’s modulus of 159 GPa and a Poisson ratio of 0.25. If the base
support angle is 90, the spring compliances are given as follows
(Zhang, 2008; Zhang et al., 2000b)Fig. 7. The effect of substrate deformation on deﬂection–load behavior.
Fig. 9. Contact size versus load with different indenter radii.
Fig. 10. Schematic of delamination test.
substrate
M1V1
U1
Interfacial crack tip M
V
U
substrate
(a) (b)
Fig. 11. A delaminated ﬁlm subjected to bending moment M, axial load U and transverse shear load V.
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SPN¼ SNP¼9:81103 lm2=mN; SMM¼1:43102 1=mN;
SNN¼2:13102 lm2=mN; SPP¼3:28102 lm2=mN:
ð29Þ
The inﬂuence of the substrate deformation on the deﬂection-
load is demonstrated in Fig. 7, showing that substrate deformation
makes the beam deﬂection larger.5.3. Inﬂuence of material intrinsic length
Fig. 8 shows the inﬂuence of the material intrinsic length on the
deﬂection–load relation. The results demonstrate that theFig. 12. Energy release rate (a) and phase angle (b) versus normalized load for
different residual stresses.deﬂection increases (or decreases) for tensile (or compressive)
residual stress as the intrinsic length decreases, and tends to that
based on the classical theory as el/h? 0. It can be seen from Eqs.
(13b) and (19) that the material intrinsic length signiﬁcantly af-
fects the ﬁnal solution through the in-plane force N.
5.4. Contact size between indenter and tested beam
Fig. 9 shows the contact size versus load for different indenter
radii, indicating that the contact size increases monotonically with
applied load and indenter radius. In general, the applied load, the
residual stress in the material, and the properties and geometry
of the tested material and the substrate, all have an inﬂuence on
the size of the contact region between testedmaterial and indenter.Fig. 13. Energy release rate (a) and the phase angle (b) versus normalized load for
different material intrinsic lengths.
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Fig. 10 illustrates the setup for delamination test. Delamination
occurswhen an interfacial crack is formed and propagates along the
interface between the testedmaterial and the substrate. The energy
release rate G for interfacial crack propagation is the essential prop-
erty in fracturemechanics. An interfacial crack usually develops un-
dermixed I+II loading and the critical energy release rate for a given
interfacial crack varies with the weights of mode I and mode II
loads, which is measured by the phase angle denoted w. If bending
moment M, axial load U, and transverse shear load V, as shown in
Fig. 11 (Li et al., 2004), at the end of a beam are present, the energy
release rate G and phase angle w can be calculated from
Ef
1m2G¼ f
2
U ðaÞ
U2
h
1þ2 fMðaÞ
fUðaÞ
 
M
Uh
 
coscUMþ2
fV ðaÞ
fUðaÞ
 
V
U
 
coscUV
 
þ f 2MðaÞ
M2
h3
1þ fV ða;bÞ
fMðaÞ
 2 Vh
M
 2
þ2 fV ða;bÞ
fPðaÞ
 
Vh
M
 
coscMV
" #
;
ð30aÞ
w¼ tan1 fMðaÞsinwMþ fUðaÞfUh=MgsinwUþ fV ða;bÞfVh=MgsinwV
fMðaÞcoswMþ fUðaÞfUh=MgcoswUþ fV ða;bÞfVh=MgcoswV
 
;
ð30bÞ
where a and b are the Dundur’s parameters deﬁned as
a¼
Ef  Es
Ef þ Es
; b¼1
2
Ef ð1mÞð12msÞ Esð12mÞð1msÞ
Ef ð1mÞð12msÞþ Esð12mÞð1msÞ
; ð31aÞ
Ef ¼ Ef1 m2 ;
Es ¼ Es1 m2s
ð31bÞFig. 14. Energy release rate (a) and the phase angle (b) versus normalized load for
different indenter radii.Es and ms are respectively the Young’s modulus and Poisson’s ratio of
the substrate, and
fUðaÞ ¼
ﬃﬃﬃ
2
p
2
; ð32aÞ
fV ða;0Þ ¼ 1:6294þ 0:3098 1þ a1 a
 
 0:0141 1þ a
1 a
 2
; ð32bÞ
fMðaÞ ¼
ﬃﬃﬃ
6
p
; ð32cÞ
and
wV ða;0;0Þ ¼ 0:7853 6:0333a 1:0281a2; ð33aÞ
wMða;0;0Þ ¼ 47:0910þ 10:2596
1þ a
1 a
 1=2
 0:9547 1þ a
1 a
 
; ð33bÞ
wU ¼ 90 þ wM ; ð33cÞ
cUM ¼ wU  wM; ð33dÞ
cUV ¼ wU  wV ; ð33eÞ
cMV ¼ wM  wV ; ð33fÞ
wherewU, wV and wM are in the unit of degree. Eqs. (32b), (33a), and
(33b) are obtained by ﬁtting the available data (Li et al., 2004) withFig. 15. Energy release rate (a) and the phase angle (b) versus normalized load for
different Young’s moduli.
Fig. 16. Energy release rate size (a) and the phase angle (b) versus normalized load
for different beam lengths.
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ignored in comparison with that of a (Yu and Hutchinson, 2002).
Therefore, we have set b = 0 for the present study.
Using the analytical solution obtained above, we calculated the
in-plane load, the transverse shear load and the moment at the end
of the delamination, and then the energy release rate and the phase
angle. Figs. 12–16 show the energy release rate and phase angle
versus normalized load for different residual stresses, different in-
denter radii, different bridge lengths, different material intrinsic
lengths and Young’s moduli of tested materials. The results indi-
cate that for a given load, the energy release rate increases with
the material intrinsic length, and decreases with the residual stress
and the Young’s modulus. However, the indenter radius has little
effect on the energy release rate and the phase angle.7. Concluding remarks
The micro/nanobridge test was analyzed based on the nonlocal
Timoshenko beam theory. The beam deﬂection versus applied load
was derived analytically, which takes the substrate deformation,
material intrinsic length, ﬁlm residual stress, and indenter bar ra-
dius into account. FEA was conducted and the results conﬁrmed
the analytic results.
The approach to the micro/nanobridge test is extended to ana-
lyze the delamination test, where the applied load cause cracking
to occur along the interface between the tested beam and its sub-
strate. The nonlocal elasticity approach gives the energy release
rate and the phase angle for the delamination test. These analytic
results provide theoretical guidance for the micro/nanobridge test
and the delamination test, in particular, if the shear deformationand strain gradient play important roles in these bending tests.
The contributions of shear deformation and strain gradient to
bending deformation change from material to material. Reliable
experiments and/or atomistic calculations are able to shed the
mechanism at the nanometer scale and to determine the parame-
ters involved in the nonlocal elasticity.
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Appendix A. Expressions for the coefﬁcients of Eq. (27b)
The coefﬁcients in Eq. (27b) are expressed in terms of N and e
G2 ¼ P2N ; ðA1Þ
B2 ¼ B21=B22; ðA2Þ
B21 ¼ C½P=2N  eðR
2  e2Þ1=2
ðC þ dÞ sin hðkeÞ
þ SMNðN  N0Þ þ SMPP=2 P=2N
cos hðkaÞ  SMMg sin hðkaÞ
cos hðkeÞ
sin hðkeÞ ; ðA3Þ
B22 ¼ 1 sinhðkaÞ  SMMg coshðkaÞcoshðkaÞ  SMMg sinhðkaÞ
coshðkeÞ
sinhðkeÞ ; ðA4Þ
A2 ¼ SMNðN  N0Þ þ SMPP=2 P=2NcoshðkaÞ  SMMg sin hðkaÞ
þ sin hðkaÞ  SMMg coshðkaÞ
cos hðkaÞ  SMMg sin hðkaÞB2; ðA5Þ
A1 ¼ A2 coshðkeÞ  B2 sinhðkeÞ þ P=2N  ½ð6bDþ tCÞeþ bCe
3=C2
 sinhðkeÞ ;
ðA6Þ
F2 ¼ A2c sinhðkaÞ  B2c coshðkaÞ þ G2aþ SPNðN  N0Þ þ SPPP=2
þ SPMðA2g sinhðkaÞ þ B2g coshðkaÞÞ ¼ 0; ðA7Þ
w0 ¼ R 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2  e2
p
 A2c sinhðkeÞ þ B2c coshðkeÞ  G2eþ F2:
ðA8Þ
The in-plane force N and the contact size e are determined by
 CfA1 sinðkeÞ þ ½ð6bDþ tCÞeþ bCe3=C2  eðR2  e2Þ1=2g
 A2d coshðkeÞ þ B2d sinhðkeÞ ¼ 0; ðA9Þ
eþ R arctanhðe=RÞ þ
Z e
a
½A2ck coshðkxÞ þ B2ck sinhðkxÞ þ G22dx
 N  N0
Ef h
a SNNðN  N0Þ  SNPP=2 SNMðA2g sinhðkaÞ
 B2g coshðkaÞÞ ¼ 0: ðA10ÞReferences
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